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ABSTRACT

By associating with an affine dependence the resultant of a related probability
measure, we are able to define the set of divisible points, D(K), of a compact
convex set K. Some general properties of D(K) are discussed, and its
equivalence with a set recently introduced by Reay for convex polytopes
demonstrated. For polytopes, D(K) is a continuous image of a projective space.
A conjecture concerning D(K) is settled affirmatively for cubes.

1. Introduction and definitions

Within every compact convex set K in a real Hausdorff locally convex space E
we will show that there exists, in a natural way, a subset D (K) termed the set of
divisible points of K. In Section 2, Theorem 1, we demonstrate the part these
divisible points play in determining aspects of the structure of K. Section 3
specializes to the case in which K is a convex polytope, where it is shown that
D(K) coincides with a set recently introduced by Reay in [14]. Our novel view of
this set allows us to present an unexpected result concerning its structure
(Theorem 2). Finally (Theorem 3) we confirm a conjecture made by Reay
concerning divisible sets, for the special instance of cubes in finite dimensions. A
variety of examples, including the Hilbert cube, are discussed in Section 4. The
paper serves to relate certain ideas, which have arisen in the study of infinite
dimensional convexity, to recently introduced finite dimensional notions.

We follow the notation established by Alfsen in [3]. Throughout, all measures
will be in M (K)), the dual space of the Banach space of all continuous real-valued
functions on K. These are termed the Radon measures on K, and can be
identified with all totally finite, regular, signed Borel measures on K, with
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Nl =]u [(K) for u € M(K). Let M*(K) be all positive measures in M(K) and
M7 (K) be all probability measures on K, that is, measures u € M*(K) with
w(K)=1.

A measure u € M(K) is said to be a boundary measure if | | is 2 maximal
element of M*(K) with respect to Choquet’s ordering < (if u,u’€ M*(K),
then u < ' if pw(f) = p'(f) for all real valued continuous and convex functions f
on K). For a metrizable compact convex set K, u is a boundary measure if and
only if it vanishes off the measurable set 3.K (the set of extreme points of K).
Let Z(K) denote all boundary measures on K, Z7(K) all boundary measures in
Mi(K) and Z;(K) all boundary probability measures with resultant x € K.
Recall that the resultant of 4 € M(K) [4, Definition 26.2] is x (denoted r(u)) if
and only if [« f(z)du = f(x) for all f € E*, the dual of the real Hausdorff locally
convex space E (written E € LCS). An affine dependence » on K is a signed
boundary measure with »(K) = 0 and r(v) = 0, the origin of E. Let N(K) denote
the linear space of all such affine dependences on K.

For the benefit of the reader familiar only with finite dimensional convexity,
we give an explicit description of Z7(K), Z:(K) and N(K) for x € K, a convex
polytope with extreme points xi,...,Xm:

m

Zi(K)= {(al,...,a,,.)e IT:> as=land a; =0fori= 1,...,m},

m

Z:(K)={(al,...,a,,.)EZI'(K):I= aiXi =X}, al'ld

N(K)=[(a,,...,a,,.)€l{": a,'=0 and aix,‘=0},

= 1=

where 7" denotes the set of m-tuples of reals, (a,...,a.), with

la )l = el

It is readily shown for any compact convex set K that Z;(K)=
Z7(K)N (u. + N(K)), where u. € Z;(K).

Finally, lin X and aft X denote the linear and affine spans of X C E, while
dim M denotes the dimension of a linear or affine manifold M of E.

2. Divisible points and their role

It is well known that every boundary probability measure on a compact
convex set K is associated with an element of K: with each p € Z{(K) we
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associate the weak p-integral, [« xdu, the barycenter or resultant r(w) of p (3, p.
10, Proposition 1.2.1]. That this mapping from Z7(K) to K is onto is the content
of the Choquet-Bishop-de Leeuw theorem [3, p. 36, Theorem 1.4.8].

In an equally natural fashion we can associate an element of K with each
one-dimensional subspace of N(K), in the following way. Take a non-zero affine
dependence, v, and consider the Jordan decomposition v =»" —v”. Since
v(K)=0 and v# 0 we have v*(K)= v (K)#0, so v*/v*(K) and v /v (K) are
boundary probability measures with identical resultants. While these calcula-
tions were used by Alfsen in the proof of the theorem in [2], the essence of the
method is contained in Radon’s paper of 1921 [13). For this reason we shall refer
to the common resultant, w say, as the Radon-resultant (or R -resultant) of v,
and write » = v, or R(v)= w. Since, as noted earlier, Choquet defines the
resultant for any measure in M(K) as the weak integral of the identity function
on K this avoids possible confusion. Observe that if »' is a non-zero real multiple
of v € N(K), then R(v')= R(»).

DerFINITION.  Let K be compact and convex in E € LCS. Then D(K), the
divisible set of K, is given by

D(K)={R(v): v is a non-zero element of N(K)}.
Elements of D(K) we term divisible points of K.

The following proposition indicates that D(K) is a non-empty subset of
K\4.K, as long as K is not a simplex.

ProrositioN 1. (i) D(K)=O if and only if K is a simplex.
(i) D(K)C K\d.K (so for non-empty K, D(K) is always a proper subset of K).

PrOOF. Statement (i) follows since N(K) = {0} if and only if K is a simplex.
For (ii) suppose x € D(K). Then there exist distinct elements in Z;(K) so
x & 9.K, since x € 4.K if and only if Z;(K) = {e,}, where &, is the point mass at
X.

A pair of non-affinely isomorphic polytopes can have identical divisible sets.
For example, the cyclic polytope and the stacked polytope in R*, each with six
extreme points, are not affinely isomorphic [6]. However, the affine dependences
of each are one-dimensional, so the divisible sets are singletons. Nevertheless,
D(K) does play a central role in determining each Z;(K) set. Recall that
Z.(K)=Z{(K)N (. + N(K)), where u,€Z;(K), so we always have
aff Z:(K) C p. + N(K). The manner in which D(K) produces the affine sub-
manifold of u. + N(K) equal to aff Z;(K) is the content of Theorem 1.
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We pause to recall one more concept before this is presented: the smallest face
of K containing x € K is denoted by face(x) and equals

{w € K :there exists an ¢ > 0 such that x + £(x — w) € K}.

See [3, p. 121].

THEOREM 1. Let K be a compact convex subset of E€LCS, x EK and
ue € ZI(K). If

A, ={r.:weD(K)and w € face(x)},

then

aff Z:(K) = p. +lin A,.

Proor. We will verify the following two statements:

(i) if A,#J, then lin(Z(K)— Z(K))=lin A,, and

(i) if A, =, then Z;(K) is a singleton.

Since for any subset S of E and s €S we have aff § =s +1in($ — §), the
theorem will follow.

In order to show (i), suppose A,# and take v(=w,) in A,. Let A" =
v*/v*(K) and A” = v /v (K) in the usual way. Since w € face(x) we can find a
y € K such that x = aw + (1 — a)y with a €(0,1]. Choose 7 € Z;(K). Then
pi=ar*+(1—a)r and p;=ar” +(1-a)r are both boundary probability
measures with barycenter x. Also

v=v"(K)Y(A*— A_)=£ia£)(ul — i)

so v lies in lin(Z3(K)— Z;(K)) and lin A, Clin(Z;(K)— Zx(K)).

For the reverse inclusion, take distinct u, and u, in Z;(K), possible via the
previous argument. Consider the affine dependence v = u; — . and let w be its
R-resultant. In order to show that lin(Z;(K)— Z;(K))Clin A, it suffices to
show that w € face(x). Let A U B be the Hahn decomposition of K with respect
to v and v~ v~ be the associated Jordan decomposition of v. As before, let
AT=v"v*(K) and A” = v /v (K).

With F an arbitrary measurable subset of K, certainly »*(F)=0, so

mi(A N F)= u(A NF). Now suppose F is such that u,(A N F)>0. Then
w(F)Z pi(ANF)>0,so0
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AYF)__ v(F)
wi(F) .U~1(F)V+(K)

- [ul(A N F)— p(A nD] 1

wi(F) V+(K)
<[#x(AﬂF)—#z(AﬂE)} 1
- pi(ANF) v'(K)
=[1_#2(AF\F)] 1
(A NF) v (K)
<1
=V+(K)< .

Thus for all such F there exists an o > 1 for which

AT(F) a
wi(F)"a—-1°

A

All remaining measurable F are such that p,(A NF)=0. In this event
wAANF)=0so

V() =B = (A 0 - wia N Pl =0,

whence we certainly have
+ < L)
AT(F)= (a | wi(F).

We conclude that (1 —a)A"(F)+ ap(F)= 0 for all measurable sets F in K.
Thus 7 =(1—a)A" + au, is a boundary probability measure on K with bary-
center (1 —a)w + ax, so w € face(x). Since u,— p, = v, I(Z (K)— Z(K)) C
lin A..

For (ii), assume that there exist distinct u; and u. in Z;(K). The proof in (i)
that v = u, — p, with R-resultant w is such that w € face(x) ensures A, # .

An illustration of the theorem is given after Example 2 in Section 4,

We have already noted that every element of Z7(K) has resultant in K. We
conclude this section with a characterization of those elements in Z;(K) whose
resultants lie in D(K). Recall that 4 and A in Z7(K) are mutually singular
(written w“A) if there exists a partition A UB of K, such that for each
measurable set F in K, ANF and BN F are measurable and u(A N F)=
A(B N F)=0. The one-to-one correspondence between one-dimensional sub-
spaces of N(K) and pairs of mutually singular boundary probability measures
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with the same resultant (in which (v*/v*(K), v /v~ (K)) is associated with lin v,
for each non-zero v € N(K)) straightforwardly gives the following.

PROPOSITION 2. Let P(K) be the set of w € Z{(K) such that there exists a
A EZI(K) with u*A and r(w)=r(A). Then

D(K)={r(n):n € P(K)}.

REMARKS. (i) The Hahn decomposition A U B of K, associated with such a
pair of mutually singular boundary probability measures with the same resultant,
can be regarded as a generalisation of the longstanding finite-dimensional notion
of a Radon partition [6], since co A Nco B# J. We explore this relationship
further in the next section.

(i) A means of determining all such Hahn decompositions for certain

a-polytopes is given in [9]. The tool used is the Gale transform of the
a-polytope.

3. Finite dimensional results

In [14, p. 241] Reay introduced the 2-divisible points of a convex polytope K
in R". These are the points x € K for which there exists a partition S U T of 4.K
such that x €co S Nco T. Reay calls this set D,(3.K). Radon’s theorem [13]
then asserts that for K in R" with n +2 extreme points, D,(3.K) # &.

ProPOSITION 3. Let K be a convex polytope in R". Then D,(3.K)= D(K).

Proor. Take x € Dy(3.K). Then x EcoS Nco T for some partition SU T
of 4.K. Since x €Eco S, x =r(n) for some probability measure p such that
u(K\S)=0. Any such measure vanishing off 4.K is a boundary measure 3, p.
35,4.11} so u € Z;(K). Similarly, there exists a A € Z;(K) for which A(K\T) =
0. Certainly p*A so Dy(d.K)€ D(K), using the characterization given in
Proposition 2.

Now take x € D(K). From Proposition 2 we know there exists a mutually
singular pair of probability measures on d.K, u and A, each with barycenter x.
Here we are again using the fact that boundary probability measures vanish off
3.K. Thus there is a partition SUT of 4.K with u(T)=A(S)=0. Since
r(n)=x, we have x €Eco S, and similarly x Eco T.

Knowing now that D,(3.K) is the locus of R -resultants of affine dependences,
we are able to present a theorem which indicates that this set has a surprising
structure. In the sequel, we revert to the notation D(K) for this set.

Let P™ be projective m-space. That is, P™ is the unit sphere in R™*!, §”, with
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antipodal points identified, equipped with the quotient topology. Note that for
every convex polytope K in R", dim N(K) <. See for example [1, p. 100].

THEOREM 2. Let K be a convex polytope in R” and suppose dim N(K)=d.
Then D(K) is a continuous image of P*™".

Proor. It is readily checked that the relation p on N(K)\{0}, given by
(r,v')Ep if and only if v = av' for some a ER, is an equivalence relation.
Define a map R from (N(K)\{0})/p to K by R([v]) = R(v), where [»] denotes
the equivalence class of v. This map is well-defined since if » = a»’ and a €R,
then R(v)= R(v').

Suppose | 3.K | = m. Then Z(K) is isomorphic to [T, the space of m-tuples of
real numbers equipped with the 1-norm. Let $™" be the unit sphere in I{". Now
D(K)=R({N(K)N S™")/p) and (N(K)N S™")/p is certainly homeomorphic
to P*7'. By [8, p. 95, Theorem 9} it suffices to show R on N(K)NS™" is
continuous.

Let v tend to », in N(K)N $™', as i tends to infinity. Let 3,K ={xy,..., Xm},
vi = (di,...,4im), ¥ =(a,...,a.) and suppose, without loss of generality, that
ai,...,a, are the strictly positive components of v while a,.1,...,a, are the zero
components. Provided a; is non-zero, all a; have the same sign as a;, for
sufficiently large values of i. For j=p +1,...,q let

ai if ai = 0,
a;=

0 if a; <0,
SO

+ + +
Vi = (a,»l,..., Qipys Aip+1)s + + .,a.»,,,(),. ,0)

Hence
P q 4 q
R(w)= (; ki +i=;+1 aiixi)/(; i +i=§+1 a.-;)

which converges to (2f-, aix;)/Z!-1 a; = R(v) as i —> . This follows since a; — a;
for j=1,...,p and a;—>0for j=p+1,...,q, as i—>.
We highlight the following consequences of Theorem 2.

CoROLLARY 1. Let K be a convex polytope in R". Then
(i) D(K) is closed and connected, and
(i) if

m—-n—2

3.K|=m, D(K) is a continuous image of P""".
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ProOF. Immediately we have (i), while (ii) follows since N(K) has dimension
m — (n + 1) for such a polytope.

In Problem 5 of [15] conditions are sought which ensure D (K) is convex, and
it is conjectured that for convex polytopes in R", co D(K) = C(K), where C(K)
(termed the 2-core in [15]) is defined as follows:

C(K)=N{coT:TC 4.K and [(.K)\T| = 1}.

The question of the dimension of the affine span of C(K) is also raised.

In the next theorem we show that for cubes of any finite dimension, D (K) is
convex and equals C(K). It will also follow that aff C(K) has dimension n, for
n=3,

For convenience, we define a standard cube in R",
K={x=(x,...x)ER :max{|xi|,...,|x. [} =1},

the closed unit ball using the supremum norm. General cubes are treated in the
corollary. It can be verified that

3 K=V={x€ER":x; = =1 foreach i}.

THEOREM 3. Let K be the standard cube in R". then
D(K)=C(K)=Kn {x er: S ul=n —z].

PROOF. If n = 1 all three sets are empty, while if n = 2 all are the origin of R’.
We assume n =3 in the remainder, and present the proof in three steps:

(1) C(K)=KN{xeR":Z|x|=n-2},

) .C(K)={x €R":|{i:x;=0}|=2and [{i:xi = £1}|=n -2},

(3) D(K)= C(K).

ProoF OF (1). For each v € V and x ER" define f,(x)=(x,v), the usual
inner product. For brevity we write Vi{v} as Vv

We claim co(V\v)= K N f,'(—»,n —2], for each v € V. Now f,(v;)=n -2
for each v; € V\u, since v; and v have at least one component with opposite sign,
while f,(v)=mn, so VN[, (=o,n~2]= Viv

Thus

KNf(=e,n=2]=co[(VN fi'(=2,n —2) UK N f."({n —2)]
=co[(VNf'(—=,n=2)U(VNf.'({n -2},

since K N f.'({n —2}) =co{v' € V:(v',v) = n —2}. Hence
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KNf)'(—o,n—2]=co(VNf(—»n-2])
=co(Viv).
Finally,
C(K)= N co(V\v)

vEV

=KN N f.'(-»,n-2]

vEV
=KN{x€R:|x |+ - +]|x.|[=n—-2}

Proof of (2). Let F denote the right hand set in the equality to be shown, and
take x in F. Suppose ay + (1 —a)z = x, where y,z € C(K) and a € (0,1). Then
if x, = =1, since ay, + (1 — a)z = x; and | y;|,| z:| = 1, we must have y;, = z; = x..
This occurs for n —2 co-ordinates, so the remaining co-ordinates of x,y and z
must be zero. Thus x =y =z and F C4.C(K).

Suppose now that x € C(K)\F. By considering two cases we show it cannot be
extreme.

(i) Case Zi_i|x;|=n—2: Without loss of generality we may assume
0<|xi|, |x:] <1. If not, then either each component is 0, +1 or — 1, whence
x € F, or just one component differs from these values, whence 2| x| # n —2.
Let

xi+e if ;>0
s=¥r=1§121{|x.-|,|x,~—1|,|x.-+l|}, xi+=
| x—¢ if ;<0

and

X =

Xi — € if x;>0
for i =1,2.

x,~+£ if x,'<0,

Then since € >0, (x1,x3,Xs,...,X.) and (x1,x2,x3,...,x,) are distinct points in
C(K) with mid-point x.

(i) Case Zi-i|xi|<n —2: Here, without loss of generality, we may assume
0=|x,|<1. If not, then =_,|x;|=n, a contradiction. Choose & such that
0<e<min{(n —2)- 2. |x||xi—1|,|x;+1]}. Then (x;+¢xs,...,x.) and
(x1— &,x2,...,x,) are distinct points in C(K) with x as their mid-point.

Proof of (3). It can be shown that C(K) is the intersection of all closed
half-spaces which contain all or all but one point of V. Thus if x & C(K), x lies in
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a closed half space containing at most one point of V. Hence x& D(K) so
D(K)C C(K).

In order to show the reverse inclusion we present a partition SU T of 4.K
such that 3.C(K), and hence C(K), is a subset of both co S and co T. It follows
that C(K)C D(K) and the theorem is proved. Let

S ={x €3.K:|{i:x. =1}|is even}
and
T={x € 3.K:|{i:x = 1}] is 0dd} = (3K)\S.

Now take x € 3.C(K), and suppose without loss of generality that x =
0,0,x;,...,x,), with x;==1 for i=3,..,n. Then (1,1,x,,...,x,) and
(=1, — 1,xs5,...,x.) both lie in the same set in the partition and have x as their
mid-point. On the other hand, both (1, — 1, xs,...,x.) and (— 1,1, xs,...,x,) lie in
the opposite set of the partition, again with x as their mid-point.

Note that since D(K) and C(K) are invariant under affine isomorphism, we
have the following corollary.

COROLLARY 2. Let K' be affinely isomorphic to the standard cube, K. Then
D(K")= C(K').

4. Examples

ExamprLE 1. In [14, Lemma 6] Reay has the following result. Let K be a
convex polytope in R* with m = 6 extreme points. Then D(K)= C(K).

ExaMpLE 2. Let K be a triangular prism, as shown in Fig. 1, with a,b and ¢
the intersections of the diagonals of the three quadrilateral faces of K. It is
readily checked that D(K)=co{a,b}Uco{b,c}Uco{c,a}, certainly
homeomorphic to one-dimensional projective space, with », =
a,-11,-1,00), »=(0,01-11-1) and »=(,-1001,-1). If
w € D(K) is a convex combination of a and b, say, then », is the corresponding
convex combination of v, and w,.

X p==

-

—
— o~

X3
—
—
_ -
—
—-———
-
~ - ~ - — X5
— -
T~ — — —_
N
’—-‘_ \\
e — 4 —~ -
e — -
X2

Fig. 1.
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This example can be used to illustrate Theorem 1. If x lies on a triangular face,
or any edge, no element of D(K) lies in the face generated by x, so Z;(K) is a
singleton. For x in the relative interior of a quadrilateral face, one of a,b or ¢
lies in face(x), so Z;(K) will have affine span a translate of lin{v,}, lin{,} or
lin{v. } respectively. Finally, if x is in the interior of the prismt, all points in D(K)
are in face(x), so aff Z;(K) will be a translate of N(K) itself.

ExampLE 3. Take n =2, and let K be the closed unit ball in R", with the
usual topology. Then D(K) is the open unit ball. Since D(K) is open, this
demonstrates that Corollary 1(i) does not hold for arbitrary compact convex sets
in R™.

ExAMPLE 4. We present here an example of an infinite dimensional compact
convex set K in [, the Banach space of all absolutely summable real sequences,
together with D(K). Let 8, be the sequence whose nth term is one and all other
terms are zero. Let x,=8, and x:, = 8:/Cn —1)+8:./20, X201 =
83u/n +8:20/2n+1)forn=z1. Then x;>x,=0in [, as i—>o Put X ={x;:i =
0,1,...}, and K =co X, compact by [5, Theorem 6, p. 416]. By [11, p. 9],
3.K C X. We indicate that each x € X is an exposed point of K, hence extreme.

Recall that z € K is exposed if there exists an f € [., the dual of I;, such that
f(x)<f(z) for all x € K\{z}. We say f exposes z in K. Since K lies in the
non-negative cone of I, x, is exposed by f € I.. for which every term is — 1. It is
straightforward to show that if z € X has the property that there exists an f € L.
and B €R with f(x)= B < f(z) for each x € X\{z}, then f exposes z in K. For
X, i 21, we can readily find such an f, and conclude that 3.K = X

An affine dependence on K is an [, sequence (a,) such that 27 a, =0 and
3r-oanx, =0, where the second series converges in I,. From the construction of
X it follows that N(K)=lin{v}, where v =(0,}, —3,i, —43, —4,...). Since
v*(K) = 1, the mutually singular boundary probability measures associated with
v are v* =(0,5,0,3,0,4,...) and v~ =(0,0,,0,3,0,...). Hence D(K) contains the
one point,

r(v*) =18+ (8. +58;) + 138, +385)+ - -

=(_1__1_LL 1 1 >
1.2°2.2°3. 4.4 Qn - 12" 202"

Note that
r(v7)=13(81 +128;) + (30, +38.) +5(385 +586) + - -

=r(»").
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ExaMPLE 5. Let

K ={(&):|&|=1/n, for each n EN}

—s

=||[-1/n1/n],

1

be the Hilbert cube in L, where [, denotes the Hilbert space of all square
summable real sequences. See for example [10, p. 29]. Phelps [12, Proposition
2.8] has shown that any infinite dimensional centrally symmetric compact convex
set, such as the Hilbert cube, necessarily has N(K) infinite dimensional. This
indicates, loosely speaking, that D(K) will be a large subset of K. It is a
straightforward exercise to show that

3.K ={(&): & = £ 1/n,foreach n EN},

and interesting to note that 4.K is homeomorphic to the Cantor set IT,_, {— 1,1},
under the natural map.

We culminate this example with (iii) below, where we sandwich D(K)
between a pair of subsets of the Hilbert cube. For this we need necessary and
sufficient conditions for u € Z7(K) to have resultant x = (£,), given in (ii), which
in turn hinges upon the result we now present.

() (xy)=l.x{z,y)du(z) for each y €L if and only if (xe)=
Jsx(z,es)dp(2) for each n €N (where (x,y) denotes the inner product and (e, )
the standard basis in 1,).

Since the necessity is immediate, take y =(n.)E€EL and let f,(z)=
Sr_ini{z,e), for each n EN and z € 3.K. Choose r =(p;) € 3.K such that
pmi =0 for each i. Then

fu(z)= 2 ni(z,e) = 2 [ |fi = 2 ni{r,e)=(r,y)=M <, foreach n and z.

Now u(K)=1, so it follows from Lebesgue’s Bounded Convergence Theorem
that

Ii’r'njaK fa(2)dp =J;K liznf,.(z)dp,.

Hence

(x,y)= <x'21 n..e..>

8

=D na(x,e.)

n=1



Vol. 54, 1986 DIVISIBLE POINTS 363

at

(z,.)dp
K

Il

f 2, iz, endp
3K n=1

=j (z,y)dp.
2K
Now let B, ={(n)€ 3.K:m.=1/n} and B, ={(n:)€ 0.K:m, = —1/n}.

(i) r(p)=x = (&) if and only if & = (u(B2)— w(B2))/n for all n EN.
Note that

r(w)=xo(xy)= LK (z,y)dp, foreach y€l

S(x,e.) = J (z,e,)du, for each n EN (by (i)

2K

& & =(u(By)— un(B))n, for each n €N.

Let A be the set of points (£,) € K such that, for each, there exists a finite set
of indices, ni,...,nn, with 2, (1 - n &, )= 2. For example, any (£.)€ K for
which 2, (1 - n|& |)> 2 liesin A. Let B be the set of points (£,) € K such that,
for each, & = = 1/n for all but a finite number of components, n,,..., nx, say, for
which 2L, (1 - n| £, ])< 2. Note that 3.K C B. We now show

(iii) A € D(K)CK\B.

Suppose x = (&) € A. Without loss of generality, assume n; =i, i =1,...,N,
so i (1—nl&)Z2 or Y. n|&|=N—-2. Thus (&,....&) is divisible in
K, =1I}-,[-1/n,1/n] CR", by Theorem 3, hence there exist mutually singular
Borel probability measures w; and g1 on

0.Ki=P={(n,...mn)EK,:|n.|= = 1/nforn=1,.. N},

each with resultant (&,...,&). Now let K, =1l -n.[~1/n,1/n]C . Since
(&n+1, Enezy . . ) € K3, by the Choquet-Bishop-de Leeuw theorem we know there
is a Borel probability measure u, on 3.K,=Q ={(&)EK,: ¢, = =1/n, for
n > N}, with resultant (&, &v+1,...). By [7, Theorems 50.E and 51.E] we know
B(P)x B(Q)= B(P x Q), where B(P) denotes the o-algebra of Borel subsets
of P. Thus u = pu1 X u, and p' = p1 X u, are Borel probability measures on
P X Q = 9.K. It is straightforward to check, using (ii), that r(u)=r(p’) = x and
also that u L u’. We conclude that x is a divisible point of K = K, X K.
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Suppose now that x € B. As before we can assume that n, =i, i =1,...,N, so
SN (1—-n|é&|)< 2, and also that &, = 1/n, say, for n > N.If u € Z;(K) we have

& =(un(B.)—p(B.))/n=(010-2u(B.))/n=1/n,

or w(B;)=0, for n>N. Thus w(U,.vB;)=0, or g is supported by
(= [ Un1/n]) x (,-~{1/n}), a finite dimensional cube. Since 2., n|& |>
N -2, Z:(K) must be a singleton, or x& D(K).

To illustrate (iii), note that ((n —1)/n’)€ D(K), whereas, for each fixed
NEN(E)YED(K),where §, =(N-1)/nNforn=Nand ¢ =1/nforn > N.

CoNCLUDING REMARKs. In Theorem 2 we showed that if K is a convex
polytope in R with m 2 2n +2 extreme points, so dimN(K)=m —-(n+1)=
n +1, then D(K) is the continuous image of a projective space with dimension
greater than or equal to n. This suggests the following sharpening of Reay’s
conjecture [15, p. 155, Problem 5(b)].

CoNJECTURE 1. Let K be a convex polytope in R" (n > 1) with m Z2n +2
extreme points. Then D(K)= C(K).

Example 1 and Theorem 3 confirm that for n =2 and 3, and m =2n +2, then
D(K)= C(K).
Using Z;(K), this problem can be translated into an apparently more

tractable problem concerning slices through simplexes. Let T be the d-simplex,
where d €EN.

CoNJECTURE 2. Take n€N, m=2n+2 and let M be an m—(n+1)
dimensional flat which cuts every facet of T™™' in other than an extreme point.

Then M cuts a disjoint pair of faces, each having dimension greater than zero, of
T .

A sketch of the case where n =1 and m =4 (a slice through a tetrahedron)
illuminates this conjecture. That the validity of the second conjecture implies the
validity of the first can be seen as follows. Take x € C(K). Recall that
Z(K)=Zi(K)N (. + N(K)), with Z{(K) an (m — 1) dimensional simplex and
#x + N(K) an m — (n + 1) dimensional flat cutting this simplex. Since x Eco T
for each T C 3.K such that [(3.K)\T| =1, u. + N(K) intersects each facet of
Zi(K) in other than an extreme point. If Conjecture 2 holds, u, + N(K)
intersects a disjoint pair of faces of dimension greater than zero in Z;(K), so
x € D(K).

Finally, it would be interesting to obtain an explicit description of the divisible
points of the Hilbert cube.
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